1. Introduction. This is a first of our papers devoted to "noncommutative topology and graph theory". Its origin is the paper [GRW] where a new class of noncommutative algebras Q n was introduced. As explained in [GRW], the algebra Q n is closely related to decompositions of a generic polynomial P (t) of degree n over a division algebra into linear factors.
1. Introduction. This is a first of our papers devoted to "noncommutative topology and graph theory". Its origin is the paper [GRW] where a new class of noncommutative algebras Q n was introduced. As explained in [GRW] , the algebra Q n is closely related to decompositions of a generic polynomial P (t) of degree n over a division algebra into linear factors.
The structure of the algebra Q n seems to be very interesting. It has linearly independent generators u(B), B ⊂ {1, . . . , n}. Here u(∅) = 1 is a unit element of Q n . An important property of Q n is that under any homomorphism of Q n into a commutative integral domain, each element u(B) with |B| ≥ 2 maps to zero. In other words, elements u(B) carry the "noncommutative nature" of Q n . Moreover, the "degree of noncommutativity" carried by u(B) depends on the size of B.
The noncommutative nature of Q n can be studied by looking at quotients of Q n by ideals generated by some u(B). These quotients are "more commutative" then Q n . For example, the quotient of Q n by the ideal generated by all u(B) with |B| ≥ 2 is isomorphic to the algebra of commutative polynomials in n variables.
To consider more refined cases we need to turn to a "noncommutative combinatorial topology". In our approach the algebra Q n corresponds to an n-simplex ∆ n and we consider quotients of Q n by ideals generated by some u(B) corresponding to subcomplexes of ∆ n . We describe generators and relations for those quotients.
We pay special attention to the quotients of Q n corresponding to 1-dimensional subcomplexes of ∆ n . (They are "next" to algebras of commutative polynomials).
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2. The algebra Q n .
For a natural n by I n we denote the set I n = {1, 2, . . . , n}. A noncommutative unital algebra Q n (see [GRW] ) is the algebra generated by elements z A,i , where A ⊂ I n , i / ∈ A, subject to two groups of relations: additive relations
and multiplicative relations
In [GRW] the authors defined elements z A,B ∈ Q n for each pair of disjoint subsets A, B ⊂ I n . Of particular importance to us will be the elements z ∅,A , A ⊂ I n , for which we will use the notation u(A). These elements are defined as follows. Let
From additive relations (1) one can easily see that the right-hand side of (3) does not depend on the choice of i ∈ A.
We have the following simple result.
Lemma. Let L ⊂ Q n be the linear subspace spanned by all z A,i . Then the elements u(A), A ⊂ I n , form a basis of L.
Proof. Formula (3) implies that
Therefore, the elements u(A) generate L. On the other hand, it is proved in [GRW] that dim L = 2 n − 1.
Corollary. The algebra Q n can be defined as the algebra with generators u(A), A ⊂ I n , and relations
We will use formulas (4 A,i,j ) in the following form:
3. Complexes.
Definition. (i) A complex with n nodes is a family F of nonempty subsets A ⊂ I n satisfying the filtering condition:
(ii) The dimension of a complex F is defined as follows:
With any complex F we can associate a triangulated topological space T (F ), called the geometrical realization of F , as follows.
Let ∆ n be the standard n-dimensional simplex with vertices numbered 1, . . . , n. To each F ⊂ I n there corresponds the
Condition (6) implies that T (F ) is a closed subset of ∆ n .
The algebra Q(F ).
Definition. Let F be a complex with n nodes. Define Q n (F ) as the quotient algebra of Q n by the ideal generated by the elements u(A) for all A / ∈ F .
Remarks. 1. If F is the family of all subsets of I n , then Q n (F ) = Q n . 2. If dim F = 0 then the algebra Q(F ) is isomorphic to the algebra of commutative polynomials in n variables.
3. Let n 1 < n 2 and let F be a complex with n 1 nodes. The inclusion I n 1 ⊂ I n 2 allows us to view F as a complex F ′ with n 2 nodes. On the other hand, Q n 1 is naturally isomorphic to the quotient of Q n 2 by the ideal generated by all z A,i with A ∪ i ⊂ I n 1 . Formula (1) and the definition of Q n (F ) show that Q n 1 (F ) is naturally isomorphic to Q n 2 (F ′ ). Therefore we can (and will) always assume that our complex F contains all one-elements subsets and will write Q(F ) instead of Q n (F ).
4. If F ′ ⊂ F is a subcomplex, then Q(F ′ ) is naturally isomorphic to a quotient algebra of Q(F ).
The main result of this note is a description of the algebra Q(F ) and its properties in the case where F is a graph (i.e., a one-dimensional complex). Before formulating the main theorem, we prove some properties of the algebras Q(F ) for an arbitrary complex F .
Proposition. Let F be a complex, A, B ∈ F . Let there exist i ∈ A, j ∈ B such that
Proof. We prove that for each pair
The proof is by induction in |A ′ | + |B ′ |. Before proceeding, let us note that condition (7) allows us to rewrite the relation (5 A ′ ∪B ′ ,i,j) in the form
the left-hand side of (9 A ′ ,B ′ ,i,j ) is reduced to a single term [u(i), u(j)], and we get (8).
For an arbitrary
By the induction assumption, all these terms vanish and (9
5. The main theorem. Now let F be a graph, i.e., a complex of dimension 1. Denote by E = E(F ) the set of edges of F , i.e., the set of unordered pairs (ij), i = j, such that {i, j} ∈ F .
Theorem. The algebra A(F ) is generated by the elements u(i), i ∈ I n , and u(ij), (ij) ∈ E(F ). These elements satisfy the following relations (we assume that
(ii) For each triple (i, j, k) of distinct integers between 1 and n we have
.
(iii) For each quadruple (i, j, k, l) of distinct integers between 1 and n we have [u(ij), u(kl)] = 0.
Proof. First, we modify the relation (5 A,i,j ) for the case where F is a graph. Since in this case u(A) = 0 whenever |A| ≥ 3, we have, for each
Denote the left-hand side of (10 A,i,j ) by R(A, i, j). If A is empty, then
and formula (10 ,i,j ) gives part (i) of the main theorem. Now we assume that A is nonempty. Choose k ∈ A. Then (11)
Let is prove (ii). Let i, j, k be three distinct elements of I n . Take A = {k}. Since R(, i, j) = 0, relations (10 A,i,j ) and (11) give (12
(iii) Let i, j, k, l be four distinct elements of I n . Take A = {k, l}. Since R({l}, i, j) = 0, we have from (10 A,i,j ) and (11) The sum of the first four terms in the left-hand side of this equality vanishes because of (12). Therefore, for each ordered quadruple (i, j, k, l) we have [(u(ik) , u(jl)] = [(u(jk), u(il)].
Taking now the same four elements in the different order (k, l, i, j) we obtain the relation [(u(ik) , u(jl)] = [(u(il) , u(jk)].
The last two relations imply that [(u(ik) , u(jl)] = 0, i.e. (iii) is proved.
(iv) It remains to prove that relation (10 A,i,j ) with |A| ≥ 3 follows from (i)-(iii). But, by (ii) and (iii), for k ∈ A relation (11) takes the form R(A, i, j) = R(A \ k, i, j), and it remains to use induction on |A|.
